Experiments were carried out on arrays of chaotic electrochemical oscillators to which global coupling, periodic forcing, and feedback were applied. The global coupling converts a very weakly coupled set of chaotic oscillators to a synchronized state with sufficiently large values of coupling strength; at intermediate values both intermittent and stable chaotic cluster states occur. Cluster formation and synchronization were also obtained by applying feedback and forcing to a moderately coupled base state. The three cases differ, however, in other details. The feedback and forcing also produce periodic cluster states and more than two clusters. Configurations of two ͑chaotic͒ clusters and two, three, or four ͑periodic͒ clusters were observed. © 2002 American Institute of Physics. ͓DOI: 10.1063/1.1426382͔
I. INTRODUCTION
The dynamic behavior of sets of nonlinear oscillators is pertinent to a number of fields such as communications, 1 population dynamics, neural systems, 2, 3 and distributed chemical reactions. 4 In each case several individual sites at which chemical, biological, or electronic processes occur are coupled so that the system undergoes a dynamics dependent on both the individual elements and the coupling. The examples differ in several aspects; these include the nature of the individual sites, the mechanism of the coupling, the time and space scales, and the number of elements, which can vary from two to very large values. Nevertheless, similar trends in collective dynamics can often be observed. In population biology the individual units are entire organisms and the interactions can arise through competition for resources. 5 The growth and spread of viral diseases within a human population are also influenced by the interactions among the individuals. 6 In neurobiology the units are neurons or groups of neurons and the interactions arise through a network of axons and dendrites; one question here is the tendency of groups of neurons to oscillate in regular, nonchaotic fashion, while the individual neurons without coupling are chaotic. 7 In communications the synchronization of two chaotic circuits can be potentially used to transmit signals. 1 In chemically reacting systems the individual entities are reaction sites and the coupling is through diffusion or convection or, as in the case of electrochemical reactions, also through the electric field. [8] [9] [10] The coupling of nonlinear oscillators is a subject of considerable current theoretical interest. [11] [12] [13] The synchronization of small sets ͑usually two͒ of chaotic oscillators in itself represents a challenging problem and has been studied theoretically by several investigators. 14 -16 The conditions for complete synchronization of identical chaotic systems have been analytically determined. 14, [17] [18] [19] Experiments have been carried out with small sets of both chemical [20] [21] [22] and biological 2 oscillators. The influence of both forcing [23] [24] [25] [26] and feedback [27] [28] [29] [30] [31] on single oscillators and small sets of oscillators has also been studied.
The emphasis of this paper is on the collective dynamics of populations of coupled oscillators. Larger sets of oscillators have been shown to exhibit turbulent, partially ordered, ordered, and coherent states. 32 The rich behavior of coupled chaotic systems has been investigated using sets of coupled maps [33] [34] [35] [36] [37] [38] and ordinary differential equations [39] [40] [41] [42] as well as neural network. 43 Several investigators have studied the effects of forcing and feedback on large sets of chaotic oscillators and on distributed systems. Phase synchronization of sets of coupled differential equations by periodic forcing has been seen in simulations. 44 Organization of patterns 45 and suppression of spatiotemporal chaos have also been shown. 46 Proportional feedback has been applied in theoretical studies of chaotic distributed systems, viz., to the complex Ginzburg-Landau equation 47 and to a model of carbon monoxide oxidation. 48 In both cases the suppression of spatiotemporal turbulence was observed. Experimental studies have also been carried out in which global coupling, 49 forcing, [50] [51] [52] [53] [54] [55] and feedback 56 were applied to continuous distributed ͑nonchaotic͒ chemical reaction systems.
Although many theoretical studies and simulations have been carried out on the dynamics of populations of oscillators, few laboratory experiments are known. In the present paper we review some of our ͑mainly experimental͒ work on arrays of coupled electrochemical oscillators; the current of each of the electrodes can be measured independently. The specific system being investigated is the electrodissolution of nickel in sulfuric acid. These arrays can be considered as examples of populations of individual oscillators. In addition, an array of discrete electrodes has been shown to behave the same as a single, larger continuous electrode ͑at length scales larger than that of the size of the individual electrodes͒ 4 and thus the experiments can be used to explore spatiotemporal dynamics of distributed reacting systems. 9 We investigate populations of oscillators with the addition of global coupling, of periodic forcing, and of feedback. Global coupling ͑in which each element is equally influenced by all the elements͒ was added by means of banks of resistors. We present experimental evidence of the formation of clusters, both stable and intermittent, with global coupling of chaotic 57 and periodic 58 oscillators. We then explore the effects of adding periodic forcing 59 and feedback 60 to arrays of chaotic oscillators. The forcing and feedback are applied to a system that has some degree of local and global coupling but less than that necessary to produce clustering or synchronization. The application of periodic forcing affects the dynamics of the individual oscillators and thus changes the collective dynamics, making condensation possible. The global feedback has two effects: it influences the dynamics of the individual oscillators and also adds a global coupling. We describe the similarities and differences of the collective dynamics seen with the three types of coupling.
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II. EXPERIMENTS
A schematic of the experimental apparatus including the electrode array used in all the experiments is shown in Fig. 1 . A standard electrochemical cell consisting of a nickel working electrode array ͑64 1-mm-diameter electrodes in an 8ϫ8 geometry͒, Hg/Hg 2 SO 4 /K 2 SO 4 reference electrode and a platinum mesh counter electrode was used. Experiments were carried out in 4.5 M H 2 SO 4 solution at a temperature of 11°C. The working electrodes are embedded in epoxy and reaction takes place only at the ends. The currents of the electrodes are measured independently at a sampling rate of 100 Hz and thus the rate of reaction as a function of position and time is obtained. 57, 58 A. Single oscillator and weakly coupled base state A time series of a chaotic state of a single oscillator is shown in Fig. 2͑a͒ ; the chaos is reached via a perioddoubling bifurcation sequence as the applied potential is changed. An attractor ͑information dimension 2.2͒ reconstructed from the current by the use of time delays is shown in Fig. 2͑b͒ . The power spectrum ͓Fig. 2͑c͔͒ shows a dominant frequency of 1.3 Hz.
We now turn to an array of 64 electrodes. There is some inherent coupling in the electrochemical system even without imposed coupling, largely through the potential field. The coupling strengths can be varied by changing the concentration of the electrolyte and by variations of the cell geometry. 4,8 -10,62 As a base state for the coupling experiments we choose a condition with weak coupling that is attained by adding individual external resistances to each of the 64 electrodes. A high value for the solution conductivity is taken so that the potential drop in the electrolyte is very small relative to that in the external circuit. A snapshot showing the positions of the 64 weakly coupled elements in state space is seen in Fig. 3͑a͒ . The individual positions are distributed over the attractor. The currents from all 64 electrodes are shown in a space/time plot in Fig. 3͑b͒ .
B. Global coupling
We employ a method of altering the strength of global coupling while holding all other parameters constant; that is, the kinetics and the parameters of the individual oscillators are not changed. The total external resistance is held constant while the fraction dedicated to individual currents, as opposed to the total current, is varied. The external resistors can be added in parallel ͑individually, R ind ) or in series ͑collec-tively, R coll ). A total resistance (R tot ) is then defined as
where n is the number of electrodes. In these experiments R tot ϭ14.2 ⍀. The collective resistor couples the electrodes globally: the current on one electrode affects the dynamics of the other electrodes since current through any given electrode influences the potential drop on all electrodes equally. The parameter ⑀, the ratio of collective to total resistance, is a measure of the global coupling: For ⑀ϭ0, the external resistance furnishes no additional global coupling; for ⑀ϭ1, maximal external global coupling is achieved.
C. Forcing
In the forcing experiments we first hold the applied potential at a constant value V 0 . After the system reaches its stationary chaotic state, a sinusoidal signal is superimposed onto the applied potential with frequency and amplitude A so that the applied potential becomes
Data collection begins before the periodic forcing is started and continues throughout the forcing and for a short time after the periodic forcing is turned off.
D. Feedback
Feedback is obtained through perturbation of the applied voltage with the perturbation proportional to the difference of the total current ͓I tot (tϪ)͔ and the precalculated mean total current I tot,mean . The applied potential is then
where K is the gain and is a time delay. The total current is obtained by summing the individual currents. Since the feedback is a small amplitude perturbation to the applied potential, we assume that the mean total current does not change significantly after the feedback is imposed. The mean total current (I tot,mean ) is used as the offset of the feedback signal to maintain the applied potential in the chaotic region. For all experiments, a mean individual current was precalculated by integrating the current from one electrode over 20 s before the feedback is applied.
III. RESULTS
A. Global coupling of chaotic oscillators
The coupled oscillators undergo the following sequence of behavior as the coupling strength is increased: 57 Fig. 4 ; dark shading corresponds to higher current. Some spatial structuring occurs as the coupling parameter is increased to ⑀ϭ0.34 as can be seen by comparing Many stable cluster configurations are possible. We have observed stable clusters with as few as 18 elements and thus the observed range is ͑18,46͒ to ͑32,32͒. Note that Kaneko has found a finite range of two-cluster configurations in his studies with coupled maps. 34, 45 Two of the cluster configurations obtained in the experiments are shown in Fig. 5 ; one of these shows a fairly balanced configuration ͑30,34͒ whereas in the other there are 19 and 45 elements in each cluster, respectively. Note in both configurations of Fig. 5 that the edge elements have a tendency to be in the same cluster. As mentioned previously, there is a relatively small ͑but not zero͒ coupling that is inherent in the system and that exists even without the added coupling; coupling among the edge regions is somewhat stronger than it is among elements in the interior of the array.
The stable cluster configuration is reached after an initial transient of about 30 s and once attained, remains fixed; the final configuration in any given experiment depends on the initial conditions. There is a sufficiently large number of possible configurations such that we have never attained the exact same arrangement, i.e., one with not only the same cluster sizes but also the same individual elements in each of the clusters. For example, several different ͑19,45͒ cluster arrangements have been seen. A moderate disturbance will produce a transient followed by a return to the same cluster configuration. It is possible, however, with sufficiently large disturbances to change the cluster configurations.
In the intermittent cluster regions on either side of the stable cluster region, clusters form and break up. Sometimes two clusters form and at other times almost complete synchronization occurs. However, neither the cluster formation nor the synchronization is stable. Both break up after a short time. The difference between the currents of two electrodes in an intermittent cluster region is shown in Fig. 6 . Note that the difference is sometimes large, on the order of the maximum attainable, and sometimes small when the two elements are for a short time in a ͑unstable͒ cluster.
We have calculated the pair distances (d j,k ) in threedimensional state space between each set ( j, k) of the 64 elements as a function of time. The pair distance is given by where ⌬tϭ0.1 s is the time delay used for phase space reconstruction and i k is the current on the kth electrode. ͓There are ͑64͒͑63͒/2ϭ2016 such distances.͔ Normalized histograms of pair distance distributions ͑at tϭ20 s, an arbitrarily chosen time͒ are presented in Fig. 7͑a͒ for five values of the coupling parameter. At ⑀ϭ0.0 the pair distances are distributed fairly uniformly over a distance representative of the size of the attractor. At ⑀ϭ1.0 synchronization occurs and the pair distances are all small. At ⑀ϭ0.725 the two clusters are clearly seen. The other two parts of Fig. 7͑a͒ represent intermittent ͑⑀ϭ0.67 and ⑀ϭ0.78͒ cluster behavior. Pair distances in the stable cluster region are shown as a function of time in Fig. 7͑b͒ ; it can again be seen that although the two clusters remain intact, the distance between them varies with time.
B. Global coupling of periodic oscillators
Global coupling has also been applied to an array of periodic oscillators held at conditions near a saddle-loop bifurcation. 58 As the global coupling strength is increased from a low value there is a tendency for the system to synchronize; this synchronized state then breaks up with increased coupling. Irregular behavior including intermittent clusters then occurs. At stronger coupling the clusters become stable. Space/time plots in Fig. 8 show intermittent chaotic clustering, stable chaotic clustering, and stable periodic clustering. Strong coupling synchronizes the oscillators.
C. Forcing
We now investigate the effect of adding periodic forcing to the set of chaotic oscillators. 59, 61 The forcing frequency is at the dominant frequency of the unforced chaotic signal, 0 ϭ1.3 Hz, as seen in Fig. 2͑c͒ . The forcing amplitude is varied over the range 0-50 mV. The forcing is applied to a base state in which some global coupling is present, that is, to a state with a global coupling strength of ⑀ϭ0.56. The 
Coupled electrochemical oscillators compared to one without forcing in Fig. 9 ; in each case the difference of the currents of two of the oscillators is presented. Figure 9͑a͒ is without forcing. Aϭ50 mV in Fig. 10 . A chaotic cluster state is shown in Fig.  10͑a͒ . In the stable chaotic cluster region two clusters are always seen. As the amplitude is increased stable periodic clusters form; two to four stable clusters develop, depending on conditions. The periodic four-cluster configuration shown in Fig. 10͑b͒ ͑23,25 ,11,5͒ was obtained at Aϭ35 mV. After imposition of forcing at a higher forcing amplitude ͓Aϭ40 mV, Fig. 10͑c͔͒ the system first goes to a three-cluster configuration; the arrangement shown in the left portion of Fig.  10͑c͒ is ͑16,17,31͒. This state undergoes a transition to a four-cluster configuration as shown on the right-hand side of Fig. 10͑c͒ . The cluster containing 31 elements has broken up into two clusters of 27 and 4 elements, respectively. The cause of this transition in which the cluster breaks up into two smaller clusters is not completely known. A likely possibility is that this is a very slow transient. This is not the type of transient ͑normally much faster͒ that occurs at the beginning of an experiment in which all elements go from some arbitrary initial condition to their final, clustered configuration. It is a transition in which 4 of the elements change their condition while all other 60 elements remain approximately unchanged. As the forcing amplitude was further increased to 45 mV two periodic clusters were observed as seen in Fig. 10͑d͒ . For higher forcing amplitudes, 50 mV, a synchronized periodic oscillation was observed. Two, three, and four cluster states have been observed. When four clusters are formed the arrangement can be divided into two groups. 59 Consider, for example, the arrangement seen in Fig. 10͑b͒ in which the number of elements in the four clusters are ͑23, 25, 11, 5͒. The two large clusters have the same dynamics, i.e., are on the same orbit in state space, with a period equal to four times that of the forcing; the two clusters have a phase lag of one forcing period. The two smaller clusters have a somewhat different dynamics than that of the larger clusters and also have a smaller amplitude. Again, the two smaller clusters differ from each other only in their phase, where the lag is again one forcing period. Thus two of the clusters are on the same ͑periodic͒ attractor and the other two have a different cycle. When only two clusters exist, the limit cycles of the two clusters are distinctly different. The four-cluster state gives way to a twocluster state as the forcing amplitude is increased. Although we do not have a sufficiently high resolution in the parameter ͑amplitude of forcing͒, it appears that the transition from a state with four clusters to one with two clusters may occur by a mechanism in which the sets of clusters with the same time series ͑but different phases͒ merge through a loss of the phase difference.
D. Feedback
Feedback was added to the chaotic oscillators, 60, 61 viz. to the same base state as that used in the forcing studies described in Sec. III C and seen in Fig. 9͑a͒ . The behavior was studied as a function of the feedback gain. The results presented here will all be for a zero time delay ͓ϭ0 s, Eq. ͑4͔͒; the effect of time delay was investigated to some extent in the original paper. Although the details of the dynamics differ from that obtained with forcing, the overall trend is similar, i.e., with increasing feedback gain we see: unsynchronized chaos→intermittent chaotic clusters→stable chaotic clusters→stable periodic clusters→periodic synchronized state→stable steady state.
With large feedback gain the system is brought to a stable steady state.
Results obtained at four values of the feedback gain are presented in Fig. 11 . Some differences between pairs of electrodes are shown. Behavior obtained with a low feedback gain ͑Kϭ1.2 mV/mA͒ is seen in Fig. 11͑a͒ . Even at this low gain, some tendency for synchronization in which all 64 oscillators undergo the same dynamics is observed. Some synchronization occurs during short time periods, e.g., at tϭ46 s and tϭ68 s, but these synchronized states are not stable and none of them lasted for more than 3 s ͑approximately 4 oscillations͒. Some clusters in which only portions of the array oscillate together also tend to form but again break up after a short time. Thus the feedback is too weak to stabilize any ordered structure. In the difference between the currents of two electrodes ͑Nos. 6 and 7͒ shown in Fig. 11͑a͒ one sees the current difference become small and then larger. As we increase the feedback gain ͑K͒ to 1.5 mV/mA ͓Fig. 11͑b͔͒, intermittent clusters are observed. These clusters ͑still unstable͒ exist for longer times than those occurring at lower values of K as can be seen by comparing Figs. 11͑a͒ and  11͑b͒ . Nevertheless, there is no sharp demarcation between the behaviors of Figs. 11͑a͒ and 11͑b͒ . It can be seen in Fig.  11͑b͒ that the formation of unstable clusters occurs with dif- ferent elements. Two stable chaotic clusters are formed when the feedback gain is increased to higher than 1.8 mV/mA. An example, obtained at Kϭ2.2, is shown in Fig. 11͑c͒ .
The stable chaotic clusters change to stable periodic clusters as we further increased the feedback gain. An example of a periodic two cluster configuration obtained at Kϭ2.8 mV/mA is shown in Fig. 11͑d͒ . The periodic behavior for both clusters is period 4 as can be seen in the time series and in the attractor ͑not shown͒. The small values of current difference between electrodes 1 and 3 is an indication of the stability of the clusters. Synchronized periodic oscillations are obtained as the gain is increased. With additional increases a stable steady state occurs.
Representative cluster arrangements are shown in Fig.  12 for three values of the feedback gain. These are only representative and many configurations occur at any given value of the feedback gain; the specific cluster configuration obtained depends on the initial conditions. However, some trends can be seen. In the chaotic region two clusters are always obtained and the numbers of elements in the two clusters are approximately evenly balanced. The distribution ranged from ͑32,32͒ to ͑28,36͒; one of the ͑29,35͒ configurations is shown in Fig. 12͑a͒ . As the feedback gain is increased and the behavior becomes periodic, two trends are noticed in the configurations: an imbalance in cluster sizes occurs and a third cluster arises. As the feedback gain is further increased, one of the clusters begins to dominate as seen in Fig. 12͑b͒ and with further increase this cluster encompasses the entire array and synchronization is obtained. 
E. Feedback, forcing, and global coupling: Order
One measure of order/disorder in the coupled oscillator systems is an order parameter 39 obtained from pair distances in three-dimensional state space, Fig. 3͑a͒ . The order parameter, r͑t͒, is defined as a fraction of the number of pairs whose distance in the three-dimensional state space is less than some value, here taken to be 0.06 mA. A mean order parameter is calculated by taking mean pair distances. The mean order parameter has a value approximately zero for uncoupled chaotic oscillators and one in the synchronized state. We show this mean order parameter as a function of feedback gain (K), forcing amplitude (A), and global coupling strength (⑀) for the three types of coupling, respectively, in Fig. 13 .
The order parameter for feedback is shown at the top of Fig. 13 . As the feedback gain is increased, the order parameter rises somewhat during the transition from the intermittent cluster to the stable cluster region; it then reaches a plateau ͑somewhat above 0.5͒ in the stable chaotic cluster region in which the two clusters are approximately the same size. The order parameter continues to increase in the stable periodic cluster region in which three clusters exist and finally increases to 1.0 with further increase in the gain since one of the clusters grows and dominates the system.
In the case of external forcing shown in the center panel, the order parameter again increases with transition from intermittent clusters to stable chaotic clusters as the forcing amplitude is made larger. However, the order parameter drops during the transition from stable chaotic clusters (Aϭ30 mV) to stable periodic clusters (35 mVрA р45 mV). This decrease in the order parameter occurs with the emergence of three-and four-cluster configurations for which the order is lower than the two cluster chaotic configuration. Additional increases in the forcing amplitude lead to a synchronized state with order parameter of one.
The globally coupled case is shown at the bottom. The stable chaotic cluster region is also at a maximum of the order parameter; the stable clusters are bordered on both sides by regions of intermittent clusters that are less ordered.
The order parameter as a function of time is also obtained. 57 For low coupling strength the order parameter is near zero at all times. In the stable cluster regions, both chaotic and periodic, the order parameter remains approximately constant at a value near that shown in Fig. 13 . There are occasional peaks to values well above the baseline. This is not caused by experimental error but rather by the close approach of the clusters. The variation in the order parameter with time resembles the variation in the number of precisiondependent clusters seen by Kaneko in coupled maps. For example, note the description of chaotic itinerancy in Refs. 34 and 35. In these experiments the order parameter varies with time from approximately one ͑one precision-dependent cluster͒ to low values ͑large number of clusters͒.
F. A model
Detailed studies of globally coupled ordinary differential equation models showing clustering and synchronization can be found in the literature. 39, 42, 63, 64 We carried out limited simulations of coupled periodic oscillators ͑using a model developed for the electrodissolution of nickel 65 ͒ and of coupled chaotic oscillators ͑using general electrochemical models 66, 67 ͒. We present here the coupled forms of these models 58, 61 in order to point out more clearly the roles of global coupling, feedback, and forcing that were used in the experiments. In addition, such models might act as a guide for future theoretical studies on such reaction systems. The models have the general form:
In the coupled chaotic oscillator system 66, 67 the variables e k and c j,k correspond to the double layer potential and the concentrations of chemical species at the kth electrode, respectively. The forms of i F ͑Faradaic current͒ and f j ͑reac-tion and transport͒ are given in the original papers. In the nickel dissolution model 65 c 1,k and c 2,k are coverages on the electrode surface. We have coupled these equations through the addition of the last term in Eq. ͑6͒; the term consists of contributions due to the global coupling 58 and to feedback or forcing. It is known 19 that the choice of the coupled variable plays an important role in the tendency of systems to synchronize. In the system being considered here the added coupling is largely through the potential and not through either of the other two variables; however, some inherent weak coupling through the species concentrations is also present but is not included in the model.
Using the model for small sets of coupled periodic oscillators, most of the features of experiments can be reproduced. 58 For example, one obtains antiphase periodic oscillations, irregular transient clusters, periodic antiphase clusters, and synchronized relaxation oscillations in a fourelectrode model. The last three in the sequence are consistent with the experimental results found near a saddle-loop bifurcation.
Some simulations using an array of 64 coupled chaotic oscillators using the model of Koper have been carried out. 61, 68 Behavior similar to that seen in the experiments ͑chaotic and periodic clustering, synchronization, etc.͒ can be obtained. For example, up to four periodic clusters are obtained with forcing as in the experiments. However, a complete quantitative description of all the transitions and states obtained in experiments with feedback and forcing is still not available. Recently the effect of noise on globally coupled chaotic oscillators has been shown to play an important role. 41 The occurrence of heterogeneities among the elements is likely also to be important in simulating experimental systems.
IV. CONCLUDING REMARKS
An array of electrodes was used as a model experimental system for studying the collective behavior of chaotic and, to a limited extent, periodic oscillators. Although the number of elements is presently restricted to 64, this number was large enough to allow the occurrence of phenomena such as stable and intermittent cluster formation.
We investigated populations of chaotic oscillators with added global coupling, periodic forcing, and feedback. All three produce intermittent and stable chaotic cluster states and a synchronized state with sufficiently large values of global coupling, feedback gain, and forcing amplitude, respectively. We have only observed states with two stable chaotic clusters although many such configurations exist at the same parameter value. The three cases differ, however, in other details. With global coupling the stable chaotic cluster region is bounded on both sides ͑in coupling strength͒ by less ordered regions of intermittent clusters. With feedback, increases in gain past the stable chaotic cluster region yield periodic clusters, first two, and then three; as the gain becomes larger one of the three clusters dominates, occupies a larger and larger fraction of the reacting sites, and eventually grows so that the array is synchronized. With the imposition of periodic forcing greater than that of the chaotic cluster region configurations with two, three, and four periodic stable clusters emerge.
The global coupling produces direct interactions among the elements that lead to the observed collective dynamics. The external forcing has a different role. There is some very weak inherent local and long-range coupling ͑through the electrolyte͒ and also moderate global coupling ͑controlled by electronics͒ in the system to which the forcing is applied. This coupling furnishes some interactions but is too weak to produce clustering or synchronization. The application of the periodic forcing changes the dynamics of the individual elements so that clustering and synchronization become possible with the same strength of coupling. The feedback influences the dynamics of the individual oscillators and adds an additional global coupling. Both local and global interactions can affect the dynamics of sets of nonlinear oscillators. The dynamics of a set of oscillators can be altered through direct global coupling, through global feedback, and through external forcing. Although many theoretical studies of collective dynamics have been carried out with examples in biology, physics, and chemistry, far fewer experimental studies are known. The electrochemical arrays are ideal for such experiments since the dynamics can be measured at each site and the coupling can be carefully controlled.
